Abstract. We give a characterization for a (−1)-divisor D on a smooth rational surface X to be irreducible under the assumption that an anticanonical divisor −K X of X is nef. Here −K X is nef means K X .C ≤ 0 for every effective divisor C on X, and a (−1)-divisor D is a divisor such that the two numerical conditions
Introduction
Given a smooth rational surface X for which an anticanonical divisor −K X is nef, we would like to know if a divisor E on X satisfying the two numerical conditions E 2 = −1 and E.K X = −1 (E will be called a (−1)-divisor on X) is irreducible (hence reduced) or not. Such a divisor E is always effective, that is, the group of sections of the invertible sheaf O X (E) associated to E has a nontrivial section (see Lemma 2.2 below). Unfortunately, it may be neither reduced nor irreducible. One of our motivations to consider such a question is to have a criterion to check if X has an infinite number of (−1)-curves or not. For example, when the self-intersection of an anticanonical divisor of X is zero, it is not difficult to find an infinite family of divisors on X such that each member E of the family is a (−1)-divisor. Nagata ([6] ) proved that each (−1)-divisor on the surface obtained by blowing up 9 points in general position of the projective plane is irreducible, and then it is a (−1)-curve, that is, a smooth rational curve of self-intersection −1. We are interested in giving a criterion to check whether a (−1)-divisor E on X is irreducible reduced or not.
The plan of this note is as follows: in section 2, we give some standard facts about smooth rational surfaces and fix our notation. Section 3 contains our main result, which gives a necessary and sufficient condition for a (−1)-divisor to be reduced and irreducible. In section 4, there are some applications: the surface obtained by blowing up 9 infinitely near points of the projective plane such that the configuration of the set of (−2)-curves is of type A 8 (respectively D 8 , E 8 and A 1 A 7 ) has an infinite number of (−1)-curves. A (−2)-curve is a smooth rational curve of self-intersection −2.
Preliminaries
From now on X will be a smooth rational surface such that −K X is nef, where K X is a canonical divisor on X. Here the condition −K X is nef means that K X .C ≤ 0 for every effective divisor C on X, where . denotes the intersection form on the group of divisors on X.
In this context, the integer K 2 X is greater than or equal to zero (see e.g. [3, Proposition 4, page 729]). Also, it is easy to see that the self-intersection of every reduced irreducible curve on X is greater than or equal to −2. In particular, define a (−2)-curve on X as a smooth rational curve of self-intersection −2 and a (−1)-curve as one with self-intersection −1.
Definition 2.1. Let E be a divisor on X. E is a (−1)-divisor if and only if
The class of a (−1)-divisor in the Néron-Severi group of X will be called a (−1)-class, or simply a (−1)-divisor.
The following lemma shows that a (−1)-divisor on X is always effective.
Lemma 2.2. Every
Proof. Let E be a (−1)-divisor on X. The Riemann-Roch theorem applied to the invertible sheaf O X (E) gives the following inequality:
Remark 2.3. As the proof suggests, the result of Lemma 2.2 holds for any smooth rational surface having an anticanonical divisor of self-intersection greater than or equal to zero.
Remark 2.4. In [2] , there are examples which prove that a (−1)-divisor may not be effective if K 2 X < 0. We will need the following well-known result (see for instance [4] 
We have E 2 = 0 = A.E. Hence, by the Hodge Index Theorem, the divisor (A.K X )D is numerically equivalent to (A.D)K X . Since X is rational and −K X is an effective divisor, we obtain that
The criterion
Let {C 1 , . . . , C r } be the set of (−2)-curves on X (r is a nonnegative integer which can be zero if X has no (−2)-curves). The following is our main result. Theorem 3.1. Let X be a smooth rational surface having an anticanonical divisor being nef and let {C 1 , . . . , C r } be the set of (−2)-curves on X, where r is a nonnegative integer. Then, the following assertions are equivalent for a (−1)-divisor E on X:
1. E is a (−1)-curve.
E.C i ≥ 0 for every i = 1, . . . , r.

Proof. It is obvious that if E is a (−1)-curve on X, then the intersection number of E with any (−2)-curve on X is greater than or equal to zero.
Conversely, let E be a (−1)-divisor such that the numerical conditions E.C i ≥ 0 for every i = 1, . . . , r hold. By Lemma 2.2, E is effective; hence E is linearly equivalent to E 0 + i=r i=1 b i C i , where E 0 is an effective divisor having no (−2)-curve as a component, and the b i are nonnegative integers for every i = 1, . . . , r. The condition E 2 = −1 gives the following equality:
Hence, E (N = q 1 . . . q σ ) , and a such that: N E 0 = N Γ 0 + a(−K X ). Hence by using the adjunction formula applied to Γ 0 , we obtain that Γ 0 is a (−1)-curve and a = 0. In other words, E 0 is a (−1)-curve on X.
So in both cases, E 0 is a (−1)-curve. Hence we have the equalities:
The facts that E is a (−1)-divisor, E 0 is a (−1)-curve and q = 0 prove that the complete linear system |E| associated to E is equal to the singleton {E 0 } having the (−1)-curve E 0 as its unique element.
Some applications
In this section, we apply our criterion to prove that certain blowings-up of the projective plane at nine points have an infinite number of (−1)-curves. The method consists in giving an explicit infinite family of (−1)-curves.
Since X is a blow-up of the projective plane at nine points (may be infinitely near), the Néron-Severi group N S(X) of X has a basis (E 0 , E 1 , . . . , E 9 ) defined by:
• E 0 is the class of lines on the projective plane which do not pass through any of the nine points in consideration; • E i is the class of the exceptional divisor corresponding to the ith point being blown up for every i = 1, . . . , 9.
The class of a divisor on X will be represented by the 10- Example 4.1. Taking the first point in the projective plane, the second point will be a general point on the exceptional divisor, the third point will be a general point on the exceptional divisor of the blowing-up of the second point, and so on. Then the classes of (−2)-curves are : 
is the class of a (−1)-curve on X (hence X has an infinite number of (−1)-curves). Indeed, we have: 
